
C H A P T E R 1 0

Orthogonal Polynomials

The subject of orthogonal polynomials can be traced back to the work of the
Ž .French mathematician Adrien-Marie Legendre 1752�1833 on planetary

motion. These polynomials have important applications in physics, quantum
mechanics, mathematical statistics, and other areas in mathematics.

This chapter provides an exposition of the properties of orthogonal
polynomials. Emphasis will be placed on Legendre, Chebyshev, Jacobi,
Laguerre, and Hermite polynomials. In addition, applications of these poly-
nomials in statistics will be discussed in Section 10.9.

10.1. INTRODUCTION

Ž . Ž . w x Ž .Suppose that f x and g x are two continuous functions on a, b . Let w x
w xbe a positive function that is Riemann integrable on a, b . The dot product

Ž . Ž . Ž . Ž .of f x and g x with respect to w x , which is denoted by f �g , is defined�

as

b
f �g s f x g x w x dx.Ž . Ž . Ž . Ž .H�

a

Ž . Ž . � �The norm of f x with respect to w x , denoted by f , is defined as�

� � w b 2Ž . Ž . x1r2 Ž . Ž .f s H f x w x dx . The functions f x and g x are said to be� a
w Ž .x Ž .orthogonal with respect to w x if f �g s0. Furthermore, a sequence�

� Ž .4� w xf x of continuous functions defined on a, b are said to be orthogonaln ns0
Ž . Ž . � �with respect to w x if f � f s0 for m�n. If, in addition, f s1 for�m n � n

Ž .all n, then the functions f x , ns0, 1, 2, . . . , are called orthonormal. Inn
� Ž .4� Ž .particular, if Ss p x is a sequence of polynomials such that p �pn ns0 n m �

s0 for all m�n, then S forms a sequence of polynomials orthogonal with
Ž .respect to w x .

A sequence of orthogonal polynomials can be constructed on the basis of
the following theorem:
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� Ž .4�Theorem 10.1.1. The polynomials p x which are defined accord-n ns0
ing to the following recurrence relation are orthogonal:

p x s1,Ž .0

xp �p x�1Ž . Ž . �0 0 �
p x sxy sxy ,Ž .1 2 2p 1 �0 � 10.1Ž .

...

p x s xya p x yb p x , ns2, 3, . . . ,Ž . Ž . Ž . Ž .n n ny1 n ny2

where

xp �pŽ .ny1 ny1 �
a s 10.2Ž .n 2pny1 �

xp �pŽ .ny1 ny2 �
b s 10.3Ž .n 2pny2 �

Ž .Proof. We show by mathematical induction on n that p �p s0 forn i �

i�n. For ns1,

x �1Ž .b �
p �p s xy w x dxŽ . Ž .H1 0 � 2

a 1 �

21 �
s x �1 y x �1Ž . Ž .� � 21 �

s0.

Ž .Now, suppose that the assertion is true for ny1 nG2 . To show that it is
true for n. We have that

b
p �p s xya p x yb p x p x w x dxŽ . Ž . Ž . Ž . Ž . Ž .Hn i n ny1 n ny2 i�

a

s xp �p ya p �p yb p �p .Ž . Ž . Ž .ny1 i n ny1 i n ny2 i� � �

Thus, for isny1,

2p �p s xp �p ya p yb p �pŽ . Ž . Ž .n i ny1 ny1 n ny1 n ny2 ny1� � � �

s0,
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Ž . Ž . Žby the definition of a in 10.2 and the fact that p �p s p �n ny2 ny1 � ny1
.p s0. Similarly, for isny2,ny2 �

p �p s xp �p ya p �p yb p �pŽ . Ž . Ž . Ž .n i ny1 ny2 n ny1 ny2 n ny2 ny2� � � �

2s xp �p yb pŽ .ny1 ny2 n ny2� �

s0, by 10.3 .Ž .

Finally, for i�ny2, we have

p �p s xp �p ya p �p yb p �pŽ . Ž . Ž . Ž .n i ny1 i n ny1 i n ny2 i� � � �

b
s xp x p x w x dx. 10.4Ž . Ž . Ž . Ž .H ny1 i

a

But, from the recurrence relation,

p x s xya p x yb p x ,Ž . Ž . Ž . Ž .iq1 iq1 i iq1 iy1

that is,

xp x sp x qa p x qb p x .Ž . Ž . Ž . Ž .i iq1 iq1 i iq1 iy1

It follows that

b
xp x p x w x dxŽ . Ž . Ž .H ny1 i

a

b
s p x p x qa p x qb p x w x dxŽ . Ž . Ž . Ž . Ž .H ny1 iq1 iq1 i iq1 iy1

a

s p �p qa p �p qb p �pŽ . Ž . Ž .ny1 iq1 iq1 ny1 i iq1 ny1 iy1� � �

s0.

Ž . Ž .Hence, by 10.4 , p �p s0. �n i �

Ž . Ž .It is easy to see from the recurrence relation 10.1 that p x is of degreen
n, and the coefficient of x n is equal to one. Furthermore, we have the
following corollaries:

Corollary 10.1.1. An arbitrary polynomial of degree Fn is uniquely
Ž . Ž . Ž .expressible as a linear combination of p x , p x , . . . , p x .0 1 n

ny1 Ž . n Ž .Corollary 10.1.2. The coefficient of x in p x is yÝ a nG1 .n is1 i

ny1 Ž . Ž .Proof. If d denotes the coefficient of x in p x nG2 , then byn n
comparing the coefficients of x ny1 on both sides of the recurrence relation
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Ž .10.1 , we obtain

d sd ya , ns2, 3, . . . . 10.5Ž .n ny1 n

Ž .The result follows from 10.5 and by noting that d sya �1 1

Another property of orthogonal polynomials is given by the following
theorem:

� Ž .4�Theorem 10.1.2. If p x is a sequence of orthogonal polynomialsn ns0
Ž . w x Ž . Ž .with respect to w x on a, b , then the zeros of p x nG1 are all real,n

w xdistinct, and located in the interior of a, b .

Ž . b Ž . Ž .Proof. Since p �p s0 for nG1, then H p x w x dxs0. This indi-n 0 � a n
Ž . Ž . w Ž .cates that p x must change sign at least once in a, b recall that w x isn

x Ž .positive . Suppose that p x changes sign between a and b at just k points,n
Ž . Ž .Ž . Ž .denoted by x , x , . . . , x . Let g x s xyx xyx ��� xyx . Then,1 2 k 1 2 k

Ž . Ž . Ž .p x g x is a polynomial with no zeros of odd multiplicity in a, b . Hence,n
b Ž . Ž . Ž . Ž .H p x g x w x dx�0, that is, p �g �0. If k�n, then we have a contra-a n n �

Ž . w Ž .diction by the fact that p is orthogonal to g x g x , being a polynomial ofn
Ž . Ž . Ž .degree k, can be expressed as a linear combination of p x , p x , . . . , p x0 1 k

x Ž .by Corollary 10.1.1 . Consequently, ksn, and p x has n distinct zeros inn
w xthe interior of a, b . �

Particular orthogonal polynomials can be derived depending on the choice
w x Ž .of the interval a, b , and the weight function w x . For example, the

well-known orthogonal polynomials listed below are obtained by the follow-
w x Ž .ing selections of a, b and w x :

Ž .Orthogonal Polynomial a b w x

Legendre y1 1 1
� �Ž . Ž .Jacobi y1 1 1yx 1qx , � , ��y1

2 y1r2Ž .Chebyshev of the first kind y1 1 1yx
2 1r2Ž .Chebyshev of the second kind y1 1 1yx

2yx r2Hermite y� � e
yx �Laguerre 0 � e x , ��y1

These polynomials are called classical orthogonal polynomials. We shall
study their properties and methods of derivation.

10.2. LEGENDRE POLYNOMIALS

These polynomials are derived by applying the so-called Rodrigues formula
nn 21 d x y1Ž .

p x s , ns0, 1, 2, . . . .Ž .n n n2 n! dx
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Thus, for ns0, 1, 2, 3, 4, for example, we have

p x s1,Ž .0

p x sx ,Ž .1

3 12p x s x y ,Ž .2 2 2

5 33p x s x y x ,Ž .3 2 2

35 30 34 2p x s x y x q .Ž .4 8 8 8

Ž .From the Rodrigues formula it follows that p x is a polynomial of degree nn
2n 2nn n nŽ .and the coefficient of x is r2 . We can multiply p x by 2 r tonž / ž /n n

n Ž .make the coefficient of x equal to one ns1, 2, . . . .
Another definition of Legendre polynomials is obtained by means of the

generating function,

1
g x , r s ,Ž . 1r221y2 rxq rŽ .

by expanding it as a power series in r for sufficiently small values of r. The
n Ž .coefficient of r in this expansion is p x , ns0, 1, . . . , that is,n

�
ng x , r s p x r .Ž . Ž .Ý n

ns0

Ž .y1r2To demonstrate this, let us consider expanding 1yz in a neighborhood
of zero, where zs2 xry r 2:

1
1 3 52 3s1q zq z q z q ��� , z �1,2 8 161r21yzŽ .

2 31 3 52 2 2s1q 2 xry r q 2 xry r q 2 xry r q ���Ž . Ž . Ž .2 8 16

3 1 5 32 2 3 3s1qxrq x y r q x y x r q ��� .Ž . Ž .2 2 2 2

2 3 Ž . Ž .We note that the coefficients of 1, r, r , and r are the same as p x , p x ,0 1
Ž . Ž .p x , p x , as was seen earlier. In general, it is easy to see that the2 3

n Ž . Ž .coefficient of r is p x ns0, 1, 2, . . . .n
Ž .By differentiating g x, r with respect to r, it can be seen that

� g x , rŽ .
21y2 rxq r y xy r g x , r s0.Ž . Ž . Ž .

� r



ORTHOGONAL POLYNOMIALS442

Ž . � Ž . nBy substituting g x, r sÝ p x r in this equation, we obtainns0 n

� �
2 ny1 n1y2 rxq r np x r y xy r p x r s0.Ž . Ž . Ž . Ž .Ý Ýn n

ns1 ns0

The coefficient of r n must be zero for each n and for all values of x
Ž .ns1, 2, . . . . We thus have the following identity:

nq1 p x y 2nq1 xp x qnp x s0, ns1, 2, . . . 10.6Ž . Ž . Ž . Ž . Ž . Ž .nq1 n ny1

This is a recurrence relation that connects any three successive Legendre
3 1 5 32 3Ž . Ž .polynomials. For example, for p x s x y , p x s x y x, we find2 32 2 2 2

Ž .from 10.6 that

1p x s 7xp x y3 p xŽ . Ž . Ž .4 3 24

35 30 34 2s x y x q .8 8 8

10.2.1. Expansion of a Function Using Legendre Polynomials

Ž . w x 1 Ž . Ž .Suppose that f x is a function defined on y1, 1 such that H f x p x dxy1 n
exists for ns0, 1, 2, . . . . Consider the series expansion

�

f x s a p x . 10.7Ž . Ž . Ž .Ý i i
is0

Ž . Ž .Multiplying both sides of 10.7 by p x and then integrating from y1 to 1,n
we obtain, by the orthogonality of Legendre polynomials,

y1
1 12a s p x dx f x p x dx , ns0, 1, . . . .Ž . Ž . Ž .H Hn n n
y1 y1

Ž .It can be shown that see Jackson, 1941, page 52

21 2p x dxs , ns0, 1, 2, . . . .Ž .H n 2nq1y1

Ž . Ž .Hence, the coefficient of p x in 10.7 is given byn

2nq1 1
a s f x p x dx. 10.8Ž . Ž . Ž .Hn n2 y1
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Ž . n Ž . Ž .If s x denotes the partial sum Ý a p x of the series in 10.7 , thenn is0 i i

nq1 f tŽ .1
s x s p t p x yp t p x dt ,Ž . Ž . Ž . Ž . Ž .Hn nq1 n n nq12 tyxy1

ns0, 1, 2, . . . . 10.9Ž .

Ž . Ž .This is known as Christoffel’s identity see Jackson, 1941, page 55 . If f x is
w x Ž .continuous on y1, 1 and has a derivative at xsx , then lim s x s0 n™� n 0

Ž . Ž . Ž . Žf x , and hence the series in 10.7 converges at x to the value f x see0 0 0
.Jackson, 1941, pages 64�65 .

10.3. JACOBI POLYNOMIALS

Jacobi polynomials, named after the German mathematician Karl Gustav
Ž . w xJacobi 1804�1851 , are orthogonal on y1, 1 with respect to the weight

Ž . Ž .� Ž . �function w x s 1yx 1qx , ��y1, ��y1. The restrictions on �
Ž . w xand � are needed to guarantee integrability of w x over the interval y1, 1 .

Ž� , � .Ž .These polynomials, which we denote by p x , can be derived by applyingn
the Rodrigues formula:

�qnn �qnnd 1yx 1qxy1 Ž . Ž .Ž . y� y�Ž� , � .p x s 1yx 1qx ,Ž . Ž . Ž .n n n2 n! dx

ns0, 1, 2, . . . . 10.10Ž .

This formula reduces to the one for Legendre polynomials when �s�s0.
Thus, Legendre polynomials represent a special class of Jacobi polynomials.

Ž .Applying the so-called Leibniz formula see Exercise 4.2 in Chapter 4
Ž .concerning the nth derivative of a product of two functions, namely, f x sn

Ž .�qn Ž . Ž . �qn Ž .1yx and g x s 1qx in 10.10 , we obtainn

�qn �qnn nd 1yx 1qxŽ . Ž . n Ž i. Žnyi .s f x g x , ns0, 1, . . . ,Ž . Ž .Ý n nn ž /idx is0

10.11Ž .

Ž i.Ž . Ž .�qnyiwhere for is0, 1, . . . , n, f x is a constant multiple of 1yx sn
Ž .� Ž .nyi Žnyi .Ž . Ž . �qi1yx 1yx , and g x is a constant multiple of 1qx sn
Ž . �Ž . i Ž . Ž .� Ž . �1qx 1qx . Thus, the nth derivative in 10.11 has 1yx 1qx as a

Ž . Ž� , � .Ž .factor. Using formula 10.10 , it can be shown that p x is a polynomialn
Ž n.of degree n with the leading coefficient that is, the coefficient of x equal

Ž n . Ž . Ž .to 1r2 n! � 2nq�q�q1 r� nq�q�q1 .
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10.4. CHEBYSHEV POLYNOMIALS

These polynomials were named after the Russian mathematician Pafnuty
Ž .Lvovich Chebyshev 1821�1894 . In this section, two kinds of Chebyshev

polynomials will be studied, called, Chebyshev polynomials of the first kind
and of the second kind.

10.4.1. Chebyshev Polynomials of the First Kind

Ž .These polynomials are denoted by T x and defined asn

T x scos n Arccos x , ns0, 1, . . . , 10.12Ž . Ž . Ž .n

Ž .where 0FArccos xF	 . Note that T x can be expressed asn

2n nn ny2 2 ny4 2T x sx q x x y1 q x x y1 q ��� , ns0, 1, . . . ,Ž . Ž . Ž .n ž / ž /2 4
10.13Ž .

Ž .where y1FxF1. Historically, the polynomials defined by 10.13 were
originally called Chebyshev polynomials without any qualifying expression.

Ž .Using 10.13 , it is easy to obtain the first few of these polynomials:

T x s1,Ž .0

T x sx ,Ž .1

T x s2 x 2y1,Ž .2

T x s4 x 3y3 x ,Ž .3

T x s8 x 4y8 x 2q1,Ž .4

T x s16 x 5y20 x 3q5x ,Ž .5

...

Ž .The following are some properties of T x :n

Ž .1. y1FT x F1 for y1FxF1.n

Ž . Ž .n Ž .2. T yx s y1 T x .n n

Ž .3. T x has simple zeros at the following n points:n

2 iy1 	Ž .

 scos , is1, 2, . . . , n.i 2n
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We may recall that these zeros, also referred to as Chebyshev points,
were instrumental in minimizing the error of Lagrange interpolation in

Ž .Chapter 9 see Theorem 9.2.3 .
Ž . Ž . Ž 2 .y1r24. The weight function for T x is w x s 1yx . To show this, wen

have that for two nonnegative integers, m, n,

	

cos m� cos n� d�s0, m�n , 10.14Ž .H
0

and

	 	r2, n�0,2cos n� d�s . 10.15Ž .H ½ 	 , ns00

Ž . Ž .Making the change of variables xscos � in 10.14 and 10.15 , we
obtain

T x T xŽ . Ž .1 m n
dxs0, m�n ,H 1r22y1 1yxŽ .

T 2 xŽ .1 	r2, n�0,n
dxsH 1r2 ½2 	 , ns0.y1 1yxŽ .

� Ž .4�This shows that T x forms a sequence of orthogonal polynomialsn ns0
w x Ž . Ž 2 .y1r2on y1, 1 with respect to w x s 1yx .

5. We have

T x s2 xT x yT x , ns1, 2, . . . . 10.16Ž . Ž . Ž . Ž .nq1 n ny1

To show this recurrence relation, we use the following trigonometric
identities:

cos nq1 � scos n� cos �ysin n� sin � ,Ž .
cos ny1 � scos n� cos �qsin n� sin � .Ž .

Adding these identities, we obtain

cos nq1 � s2 cos n� cos �ycos ny1 � . 10.17Ž . Ž . Ž .

Ž . Ž . Ž .If we set xscos � and cos n�sT x in 10.17 , we obtain 10.16 .n
Ž . Ž .Recall that T x s1 and T x sx.0 1

10.4.2. Chebyshev Polynomials of the Second Kind

These polynomials are defined in terms of Chebyshev polynomials of the first
Ž .kind as follows: Differentiating T x scos n� with respect to xscos � , wen
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obtain,

dT x d�Ž .n
syn sin n�

dx dx

sin n�
sn .

sin �

Ž .Let U x be defined asn

1 dT xŽ .nq1
U x sŽ .n nq1 dx

sin nq1 �Ž .
s , ns0, 1, . . . 10.18Ž .

sin �

This polynomial, which is of degree n, is called a Chebyshev polynomial of
the second kind. Note that

sin n� cos �qcos n� sin �
U x sŽ .n sin �

sxU x qT x , ns1, 2, . . . , 10.19Ž . Ž . Ž .ny1 n

Ž . Ž . Ž .where U x s1. Formula 10.19 provides a recurrence relation for U x .0 n
Ž .Another recurrence relation that is free of T x can be obtained from then

following identity:

sin nq1 � s2 sin n� cos �ysin ny1 � .Ž . Ž .

Hence,

U x s2 xU x yU x , ns2, 3, . . . . 10.20Ž . Ž . Ž . Ž .n ny1 ny2

Ž . Ž . Ž .Using the fact that U x s1, U x s2 x, formula 10.20 can be used to0 1
Ž .derive expressions for U x , ns2, 3, . . . . It is easy to see that the leadingn

n Ž . ncoefficient of x in U x is 2 .n
� Ž .4�We now show that U x forms a sequence of orthogonal polynomialsn ns0

Ž . Ž 2 .1r2 w xwith respect to the weight function, w x s 1yx , over y1, 1 . From
the formula

	

sin mq1 � sin nq1 � d�s0, m�n ,Ž . Ž .H
0
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we get, after making the change of variables xscos � ,

1 1r22U x U x 1yx dxs0, m�n.Ž . Ž . Ž .H m n
y1

Ž . Ž 2 .1r2This shows that w x s 1yx is a weight function for the sequence
� Ž .4� 1 2Ž .Ž 2 .1r2U x . Note that H U x 1yx dxs	r2.n ns0 y1 n

10.5. HERMITE POLYNOMIALS

� Ž .4�Hermite polynomials, denoted by H x , were named after the Frenchn ns0
Ž .mathematician Charles Hermite 1822�1901 . They are defined by the Ro-

drigues formula,

dn eyx 2 r2Ž .2n x r2H x s y1 e , ns0, 1, 2, . . . . 10.21Ž . Ž . Ž .n ndx

Ž .From 10.21 , we have

dn eyx 2 r2Ž . 2n yx r2s y1 e H x . 10.22Ž . Ž . Ž .nndx

Ž .By differentiating the two sides in 10.22 , we obtain

2nq1 yx r2d e dH xŽ .Ž . 2 2 nn yx r2 yx r2s y1 yxe H x qe . 10.23Ž . Ž . Ž .nnq1 dxdx

Ž .But, from 10.21 ,

dnq1 eyx 2 r2Ž . 2nq1 yx r2s y1 e H x . 10.24Ž . Ž . Ž .nq1nq1dx

Ž . Ž .From 10.23 and 10.24 we then have

dH xŽ .n
H x sxH x y , ns0, 1, 2, . . . ,Ž . Ž .nq1 n dx

� Ž .4�which defines a recurrence relation for the sequence H x . Sincen ns0
Ž . Ž .H x s1, it follows by induction, using this relation, that H x is a0 n

polynomial of degree n. Its leading coefficient is equal to one.
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Ž . yx 2 r2Note that if w x se , then

x 2 t 2

w xy t sexp y q txyŽ . ž /2 2

t 2

sw x exp txy .Ž . ž /2

Ž .Applying Taylor’s expansion to w xy t , we obtain

n n� y1 d w xŽ . Ž .
nw xy t s tŽ . Ý nn! dxns0

� nt
s H x w x .Ž . Ž .Ý nn!ns0

Ž . n ŽConsequently, H x is the coefficient of t rn! in the expansion of exp txyn
2 .t r2 . It follows that

nw2x nw4x nw6x
n ny2 ny4 ny6H x sx y x q x y x q ��� ,Ž .n 2 32.1! 2 �2! 2 �3!

w r x Ž .Ž . Ž .where n sn ny1 ny2 ��� ny rq1 . This particular representation of
Ž . Ž .H x is given in Kendall and Stuart 1977, page 167 . For example, the firstn

seven Hermite polynomials are

H x s1,Ž .0

H x sx ,Ž .1

H x sx 2y1,Ž .2

H x sx 3y3 x ,Ž .3

H x sx 4y6 x 2q3,Ž .4

H x sx 5y10 x 3q15x ,Ž .5

H x sx6y15x 4q45x 2y15,Ž .6

...

Ž .Another recurrence relation that does not use the derivative of H x isn
given by

H x sxH x ynH x , ns1, 2, . . . , 10.25Ž . Ž . Ž . Ž .nq1 n ny1
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Ž . Ž . Ž . Ž .with H x s1 and H x sx. To show this, we use 10.21 in 10.25 :0 1

dnq1 eyx 2 r2Ž .2nq1 x r2y1 eŽ . nq1dx

dn eyx 2 r2 dny1 eyx 2 r2Ž . Ž .2 2n ny1x r2 x r2sx y1 e yn y1 eŽ . Ž .n ny1dx dx

or equivalently,

dnq1 eyx 2 r2 dn eyx 2 r2 dny1 eyx 2 r2Ž . Ž . Ž .
y sx qn .nnq1 ny1dxdx dx

This is true given the fact that

d eyx 2 r2Ž . 2yx r2syxe .
dx

Hence,

dnq1 eyx 2 r2 dn xeyx 2 r2Ž . Ž .
y s nnq1 dxdx

dny1 eyx 2 r2 dn eyx 2 r2Ž . Ž .
sn qx , 10.26Ž .nny1 dxdx

Ž .which results from applying Leibniz’s formula to the right-hand side of 10.26 .
� Ž .4�We now show that H x forms a sequence of orthogonal polynomialsn ns0

Ž . yx 2 r2 Ž .with respect to the weight function w x se over y�, � . For this
purpose, let m, n be nonnegative integers, and let c be defined as

� 2yx r2cs e H x H x dx. 10.27Ž . Ž . Ž .H m n
y�

Ž . Ž .Then, from 10.21 and 10.27 , we have

�
n yx 2 r2d eŽ .n

cs y1 H x dx.Ž . Ž .H m ndxy�

Integrating by parts gives

�2 2ny1 yx r2 ny1 yx r2
�d e dH x d eŽ .Ž . Ž .mn

cs y1 H x y dxŽ . Ž . Hm ny1 ny1½ 5dxdx dxy�
y�

�
ny1 yx 2 r2dH x d eŽ . Ž .mnq1s y1 dx. 10.28Ž . Ž .H ny1dx dxy�
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Ž . Ž . ny1 Ž yx 2 r2 . ny1Formula 10.28 is true because H x d e rdx , which is a poly-m
nomial multiplied by eyx 2 r2 , has a limit equal to zero as x™��. By
repeating the process of integration by parts my1 more times, we obtain for
n�m

2m nym yx r2
� d H x d eŽ . Ž .mmqn

cs y1 dx. 10.29Ž . Ž .H m nymdx dxy�

Ž .Note that since H x is a polynomial of degree m with a leading coefficientm
mw Ž .x mequal to one, d H x rdx is a constant equal to m!. Furthermore, sincem

n�m, then

�
nym yx 2 r2d eŽ .

dxs0.H nymdxy�

It follows that cs0. We can also arrive at the same conclusion if n�m.
Hence,

� 2yx r2e H x H x dxs0, m�n.Ž . Ž .H m n
y�

� Ž .4�This shows that H x is a sequence of orthogonal polynomials withn ns0
Ž . yx 2 r2 Ž .respect to w x se over y�, � .

Ž .Note that if msn in 10.29 , then

n
� d H xŽ . 2n yx r2cs e dxH ndxy�

� 2yx r2sn! e dxH
y�

� 2yx r2s2n! e dxH
0

'sn! 2	

Ž .By comparison with 10.27 , we conclude that

� 2yx r2 2 'e H x dxsn! 2	 . 10.30Ž . Ž .H n
y�

Hermite polynomials can be used to provide the following series expansion
Ž .of a function f x :

�

f x s c H x , 10.31Ž . Ž . Ž .Ý n n
ns0
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where

�1 2yx r2c s e f x H x dx , ns0, 1, . . . . 10.32Ž . Ž . Ž .Hn n'n! 2	 y�

Ž . Ž .Formula 10.32 follows from multiplying both sides of 10.31 with
yx 2 r2 Ž . Ž . Ž .e H x , integrating over y�, � , and noting formula 10.30 and then

� Ž .4�orthogonality of the sequence H x .n ns0

10.6. LAGUERRE POLYNOMIALS

Laguerre polynomials were named after the French mathematician Edmond
Ž . Ž� .Ž .Laguerre 1834�1886 . They are denoted by L x and are defined over then

Ž .interval 0, � , ns0, 1, 2, . . . , where ��y1.
The development of these polynomials is based on an application of

Leibniz formula to finding the nth derivative of the function

� x sx �qneyx .Ž .n

Ž� .Ž .More specifically, for ��y1, L x is defined by a Rodrigues-type for-n
mula, namely,

dn x nq� eyxŽ .nŽ� . x y�L x s y1 e x , ns0, 1,2, . . . .Ž . Ž .n ndx

Ž . Ž� .Ž .We shall henceforth use L x instead of L x .n n
Ž .From this definition, we conclude that L x is a polynomial of degree nn

with a leading coefficient equal to one. It can also be shown that Laguerre
Ž . yx �polynomials are orthogonal with respect to the weight function w x se x

Ž .over 0, � , that is,

�
yx �e x L x L x dxs0, m�nŽ . Ž .H m n

0

Ž .see Jackson, 1941, page 185 . Furthermore, if msn, then

� 2yx �e x L x dxsn!� �qnq1 , ns0, 1, . . . .Ž . Ž .H n
0

Ž .A function f x can be expressed as an infinite series of Laguerre
polynomials of the form

�

f x s c L x ,Ž . Ž .Ý n n
ns0
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where

�1
yx �c s e x L x f x dx , ns0, 1, 2, . . . .Ž . Ž .Hn nn!� �qnq1Ž . 0

Ž .A recurrence relation for L x is developed as follows: From the definitionn
Ž .of L x , we haven

dn x nq� eyxŽ .n � yxy1 x e L x s , ns0, 1, 2, . . . . 10.33Ž . Ž . Ž .n ndx

Ž .Replacing n by nq1 in 10.33 gives

dnq1 x nq�q1 eyxŽ .nq1 � yxy1 x e L x s . 10.34Ž . Ž . Ž .nq1 nq1dx

Now,

x nq�q1 eyx sx x nq� eyx . 10.35Ž . Ž .

Ž .Applying the Leibniz formula for the nq1 st derivative of the product on
Ž .the right-hand side of 10.35 and noting that the nth derivative of x is zero

for ns2, 3, 4, . . . , we obtain

dnq1 x nq�q1 eyx dnq1 x nq� eyx dn x nq� eyxŽ . Ž . Ž .
sx q nq1Ž . nnq1 nq1 dxdx dx

n nq� yx n nq� yxd d x e d x eŽ . Ž .
sx q nq1 , 10.36Ž . Ž .n ndx dx dx

Ž . Ž . Ž .Using 10.33 and 10.34 in 10.36 gives

nq1 � yxy1 x e L xŽ . Ž .nq1

d n n� yx � yxsx y1 x e L x q y1 nq1 x e L xŽ . Ž . Ž . Ž . Ž .n ndx

dL xŽ .nn � yxs y1 x e �qnq1yx L x qx . 10.37Ž . Ž . Ž . Ž .n dx

Ž . Ž .nq1 x y�Multiplying the two sides of 10.37 by y1 e x , we obtain

dL xŽ .n
L x s xy�yny1 L x yx , ns0, 1, 2, . . . .Ž . Ž . Ž .nq1 n dx

Ž . Ž .This recurrence relation gives L x in terms of L x and its derivative.nq1 n
Ž .Note that L x s1.0
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Another recurrence relation that does not require using the derivative of
Ž . Ž .L x is given by see Jackson, 1941, page 186n

L x s xy�y2ny1 L x yn �qn L x , ns1, 2, . . . .Ž . Ž . Ž . Ž . Ž .nq1 n ny1

10.7. LEAST-SQUARES APPROXIMATION WITH ORTHOGONAL
POLYNOMIALS

In this section, we consider an approximation problem concerning a continu-
� Ž .4nous function. Suppose that we have a set of polynomials, p x , orthogo-i is0

Ž . w x Ž .nal with respect to a weight function w x over the interval a, b . Let f x
w x Ž .be a continuous function on a, b . We wish to approximate f x by the sum

n Ž .Ý c p x , where c , c , . . . , c are constants to be determined by minimiz-is0 i i 0 1 n
ing the function

2n
b


 c , c , . . . , c s c p x y f x w x dx ,Ž . Ž . Ž . Ž .ÝH0 1 n i i
a is0

� n �that is, 
 is the square of the norm, Ý c p y f . If we differentiate 
�is0 i i
with respect to c , c , . . . , c and equate the partial derivatives to zero, we0 1 n
obtain

n�
 b
s2 c p x y f x p x w x dxs0, is0, 1, . . . , n.Ž . Ž . Ž . Ž .ÝH j j i� c ai js0

Hence,

n
b b
p x p x w x dx c s f x p x w x dx , is0, 1, . . . , n.Ž . Ž . Ž . Ž . Ž . Ž .Ý H Hi j j i

a ajs0

10.38Ž .

Ž .Equations 10.38 can be written in vector form as

Scsu, 10.39Ž .

Ž .� Ž .� b Ž . Ž . Ž .where cs c , c , . . . , c , us u , u , . . . , u with u sH f x p x w x dx,0 1 n 0 1 n i a i
Ž . Ž . Ž .and S is an nq1 � nq1 matrix whose i, j th element, s , is given byi j

b
s s p x p x w x dx , i , js0, 1, . . . , n.Ž . Ž . Ž .Hi j i j

a

Ž . Ž . Ž .Since p x , p x , . . . , p x are orthogonal, then S must be a diagonal0 1 n
matrix with diagonal elements given by

b 22s s p x w x dxs p , is0, 1, . . . , n.Ž . Ž .Hi i i i �
a



ORTHOGONAL POLYNOMIALS454

Ž . y1From equation 10.39 we get the solution csS u. The ith element of c is
therefore of the form

ui
c si si i

f �pŽ .i �
s , is0, 1, . . . , n.2pi �

For such a value of c, 
 has an absolute minimum, since S is positive definite.
It follows that the linear combination

n
�p x s c p xŽ . Ž .Ýn i i

is0

n f �pŽ .i �
s p x 10.40Ž . Ž .Ý i2pis0 i �

� Ž .minimizes 
 . We refer to p x as the least-squares polynomial approxima-n
Ž . Ž . Ž . Ž .tion of f x with respect to p x , p x , . . . , p x .0 1 n

� Ž .4� � Ž .If p x is a sequence of orthogonal polynomials, then p x inn ns0 n
Ž . � wŽ .10.40 represents a partial sum of the infinite series Ý f �p rns0 n �

� � 2 x Ž . Ž .p p x . This series may fail to converge point by point to f x . It�n n
Ž . � �converges, however, to f x in the norm � . This is shown in the next�

theorem.

w xTheorem 10.7.1. If f : a, b ™R is continuous, then

b 2�f x yp x w x dx™0Ž . Ž . Ž .H n
a

� Ž . Ž .as n™�, where p x is defined by formula 10.40 .n

Ž .Proof. By the Weierstrass theorem Theorem 9.1.1 , there exists a polyno-
Ž . Ž . w xmial b x of degree n that converges uniformly to f x on a, b , that is,n

sup f x yb x ™0 as n™�.Ž . Ž .n
aFxFb

Hence,

b 2
f x yb x w x dx™0Ž . Ž . Ž .H n

a

as n™�, since

b b2 2
f x yb x w x dxF sup f x yb x w x dx.Ž . Ž . Ž . Ž . Ž . Ž .H Hn n

a aaFxFb
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Furthermore,

b b2 2�f x yp x w x dxF f x yb x w x dx , 10.41Ž . Ž . Ž . Ž . Ž . Ž . Ž .H Hn n
a a

� Ž .since, by definition, p x is the least-squares polynomial approximation ofn
Ž . Ž . � � �f x . From inequality 10.41 we conclude that fyp ™0 as n™�. ��n

10.8. ORTHOGONAL POLYNOMIALS DEFINED ON A FINITE SET

Ž . Ž . Ž .In this section, we consider polynomials, p x , p x , . . . , p x , defined on a0 1 n
� 4finite set Ds x , x , . . . , x such that aFx Fb, is0, 1, . . . , n. These poly-0 2 n i

� Ž .nomials are orthogonal with respect to a weight function w x over D if

n
�w x p x p x s0, m�� ; m , �s0, 1, . . . , n.Ž . Ž . Ž .Ý i m i � i

is0

Such polynomials are said to be orthogonal of the discrete type. For example,
� Ž .4nthe set of discrete Chebyshev polynomials, t j, n , which are definedi is0

� Ž .over the set of integers js0, 1, . . . , n, are orthogonal with respect to w j s
Ž1, js0, 1, 2, . . . , n, and are given by the following formula see Abramowitz

.and Stegun, 1964, page 791 :

i j! nyk !Ž .i iqkkt j, n s y1 ,Ž . Ž .Ýi ž / ž /k k jyk !n!Ž .ks0

is0, 1, . . . , n; js0, 1, . . . , n. 10.42Ž .

For example, for is0, 1, 2, we have

t j, n s1, js0, 1, 2, . . . , n ,Ž .0

2
t j, n s1y j, js0, 1, . . . , n ,Ž .1 n

6 j jy1Ž .
t j, n s1y jyŽ .2 n ny1

6 j jy1
s1y 1yž /n ny1

6 j ny j
s1y , js0, 1, 2, . . . , n.ž /n ny1
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A recurrence relation for the discrete Chebyshev polynomials is of the form

iq1 ny i t j, n s 2 iq1 ny2 j t j, n y i nq iq1 t j, n ,Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .iq1 i iy1

is1, 2, . . . , n. 10.43Ž .

10.9. APPLICATIONS IN STATISTICS

Orthogonal polynomials play an important role in approximating distribution
functions of certain random variables. In this section, we consider only
univariate distributions.

10.9.1. Applications of Hermite Polynomials

Hermite polynomials provide a convenient tool for approximating density
functions and quantiles of distributions using convergent series. They are
associated with the normal distribution, and it is therefore not surprising that
they come up in various investigations in statistics and probability theory.
Here are some examples.

10.9.1.1. Approximation of Density Functions and Quantiles of Distributions

Ž .Let � x denote the density function of the standard normal distribution,
that is,

1 2yx r2� x s e , y��x��. 10.44Ž . Ž .'2	

� Ž .4�We recall from Section 10.5 that the sequence H x of Hermiten ns0
Ž . yx 2 r2polynomials is orthogonal with respect to w x se , and that

nw2x nw4x nw6x
n ny2 ny4 ny6H x sx y x q x y x q ��� , 10.45Ž . Ž .n 2 32 �1! 2 �2! 2 �3!

w r x Ž .Ž . Ž . Ž .where n sn ny1 ny2 ��� ny rq1 . Suppose now that g x is a den-
Ž .sity function for some continuous distribution. We can represent g x as a

series of the form

�

g x s b H x � x , 10.46Ž . Ž . Ž . Ž .Ý n n
ns0

Ž .where, as in formula 10.32 ,

�1
b s g x H x dx. 10.47Ž . Ž . Ž .Hn nn! y�



APPLICATIONS IN STATISTICS 457

Ž . Ž . Ž .By substituting H x , as given by formula 10.45 , in formula 10.47 , wen
obtain an expression for b in terms of the central moments, � , � , . . . ,n 0 1

Ž .� , . . . , of the distribution whose density function is g x . These momentsn
are defined as

� n
� s xy� g x dx , ns0, 1, 2, . . . ,Ž . Ž .Hn

y�

where � is the mean of the distribution. Note that � s1, � s0, and0 1
� s� 2, the variance of the distribution. In particular, if �s0, then2

b s1,0

b s0,1

1b s � y1 ,Ž .2 22

1b s � ,3 36

1b s � y6� q3 ,Ž .4 4 224

1b s � y10� ,Ž .5 5 3120

1b s � y15� q45� y15 ,Ž .6 6 4 2720

...

Ž . Ž .The expression for g x in formula 10.46 can then be written as

1 1g x s� x 1q � y1 H x q � H xŽ . Ž . Ž . Ž . Ž .2 2 3 32 6

1q � y6� q3 H x q ��� . 10.48Ž . Ž . Ž .4 2 424

This expression is known as the Gram�Charlier series of type A.
Ž .Thus the Gram�Charlier series provides an expansion of g x in terms of

its central moments, the standard normal density, and Hermite polynomials.
Ž . Ž . Ž .Using formulas 10.21 and 10.46 , we note that g x can be expressed as a

Ž .series of derivatives of � x of the form

n� c dn
g x s � x , 10.49Ž . Ž . Ž .Ý ž /n! dxns0

where

�n
c s y1 g x H x dx , ns0, 1, . . . .Ž . Ž . Ž .Hn n

y�
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Ž .Cramer 1946, page 223 gave conditions for the convergence of the series´
Ž . Ž .on the right-hand side of formula 10.49 , namely, if g x is continuous and

Ž . � Ž . Ž 2 .of bounded variation on y�, � , and if the integral H g x exp x r4 dx isy�

Ž .convergent, then the series in formula 10.49 will converge for every x to
Ž .g x .

We can utilize Gram�Charlier series to find the upper �-quantile, x , of�

Ž .the distribution with the density function g x . This point is defined as

x�

g x dxs1y� .Ž .H
y�

Ž .From 10.46 we have that

�

g x s� x q b H x � x .Ž . Ž . Ž . Ž .Ý n n
ns2

Then

�x x x� � �

g x dxs � x dxq b H x � x dx. 10.50Ž . Ž . Ž . Ž . Ž .ÝH H Hn n
y� y� y�ns2

However,

x�

H x � x dxsyH x � x .Ž . Ž . Ž . Ž .H n ny1 � �
y�

Ž .To prove this equality we note that by formula 10.21

n
x x d� �n

H x � x dxs y1 � x dxŽ . Ž . Ž . Ž .H Hn ž /dxy� y�

ny1dn
s y1 � x ,Ž . Ž .�ž /dx

Ž .ny1 Ž . Ž . Ž .where drdx � x denotes the value of the ny1 st derivative of � x�

Ž .at x . By applying formula 10.21 again we obtain�

x� n ny1H x � x dxs y1 y1 H x � xŽ . Ž . Ž . Ž . Ž . Ž .H n ny1 � �
y�

syH x � x .Ž . Ž .ny1 � �

Ž .By making the substitution in formula 10.50 , we get

�x x� �

g x dxs � x dxy b H x � x . 10.51Ž . Ž . Ž . Ž . Ž .ÝH H n ny1 � �
y� y� ns2



APPLICATIONS IN STATISTICS 459

Now, suppose that z is the upper �-quantile of the standard normal�

distribution. Then

x z� �

g x dxs1y�s � x dx.Ž . Ž .H H
y� y�

Ž .Using the expansion 10.51 , we obtain

�x z� �

� x dxy b H x � x s � x dx. 10.52Ž . Ž . Ž . Ž . Ž .ÝH Hn ny1 � �
y� y�ns2

Ž .If we expand the right-hand side of equation 10.52 using Taylor’s series in a
neighborhood of x , we get�

j jy1�z x z yx dŽ .� � � �
� x dxs � x dxq � xŽ . Ž . Ž .ÝH H �ž /j! dxy� y� js1

j�x z yxŽ .� � � jy1s � x dxq y1 H x � x ,Ž . Ž . Ž . Ž .ÝH jy1 � �j!y� js1

using formula 10.21Ž .
j�x x yzŽ .� � �

s � x dxy H x � x . 10.53Ž . Ž . Ž . Ž .ÝH jy1 � �j!y� js1

Ž . Ž .From formulas 10.52 and 10.53 we conclude that

j� � x yzŽ .� �
b H x � x s H x � x .Ž . Ž . Ž . Ž .Ý Ýn ny1 � � jy1 � �j!ns2 js1

Ž .By dividing both sides by � x we obtain�

j� � x yzŽ .� �
b H x s H x . 10.54Ž . Ž . Ž .Ý Ýn ny1 � jy1 �j!ns2 js1

This provides a relationship between x , the �-quantile of the distribution�

Ž .with the density function g x , and z , the corresponding quantile for the�

standard normal. Since the b ’s are functions of the moments associated withn
Ž . Ž .g x , then it is possible to use 10.54 to express x in terms of z and the� �

Ž . Ž .moments of g x . This was carried out by Cornish and Fisher 1937 . They
Žprovided an expansion for x in terms of z and the cumulants instead� �

. Ž . Žof the moments associated with g x . See Section 5.6.2 for a definition of
cumulants. Note that there is a one-to-one correspondence between mo-

.ments and cumulants. Such an expansion became known as the
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Ž .Cornish�Fisher expansion. It is reported in Johnson and Kotz 1970, page 34
Ž . Ž .see Exercise 10.11 . See also Kendall and Stuart 1977, pages 175�178 .

10.9.1.2. Approximation of a Normal Integral

A convergent series representing the integral

x1 2yt r2� x s e dtŽ . H'2	 o

Ž .was derived by Kerridge and Cook 1976 . Their method is based on the fact
that

2 nq1�x xr2 xŽ .
Ž2 n.f t dts2 f 10.55Ž . Ž .ÝH ž /2nq1 ! 2Ž .0 ns0

Ž .for any function f t with a suitably convergent Taylor’s expansion in a
neighborhood of xr2, namely,

n� 1 x x
Žn.f t s ty f . 10.56Ž . Ž .Ý ž / ž /n! 2 2ns0

Ž . Ž .Formula 10.55 results from integrating 10.56 with respect to t from 0 to x
Ž . yt 2 r2and noting that the even terms vanish. Taking f t se , we obtain

22 nq1 2 n yt r2�x xr2 d eŽ . Ž .2yt r2e dts2 . 10.57Ž .ÝH 2 n2nq1 ! dtŽ .0 ns0 tsxr2

w Ž .xUsing the Rodrigues formula for Hermite polynomials formula 10.21 , we
get

dn eyx 2 r2Ž . 2n yx r2s y1 e H x , ns0, 1, . . . .Ž . Ž .nndx

Ž .By making the substitution in 10.57 , we find

2 nq1�x xr2 xŽ .2 2yt r2 yx r2e dts2 e HÝH 2 n ž /2nq1 ! 2Ž .0 ns0

2 nq1� xr2 xŽ .2yx r8s2 e H . 10.58Ž .Ý 2 n ž /2nq1 ! 2Ž .ns0

Ž . n Ž . Ž .This expression can be simplified by letting � x sx H x rn! in 10.58 ,n n
which gives

�x � xr2Ž .2 2 2 nyt r2 yx r8e dtsxe .ÝH 2nq10 ns0
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Hence,
�1 � xr2Ž .2 2 nyx r8� x s xe . 10.59Ž . Ž .Ý' 2nq12	 ns0

Ž . Ž .Note that on the basis of formula 10.25 , the recurrence relation for � x isn
given by

x 2 � y�Ž .n ny1
� s , ns1, 2, . . . .nq1 nq1

Ž .The � x ’s are easier to handle numerically than the Hermite polynomials,n
Ž .as they remain relatively small, even for large n. Kerridge and Cook 1976

Ž .report that the series in 10.59 is accurate over a wide range of x. Divgi
Ž .1979 , however, states that the convergence of the series becomes slower as
x increases.

10.9.1.3. Estimation of Unknown Densities

Let X , X , . . . , X represent a sequence of independent random variables1 2 n
Ž .with a common, but unknown, density function f x assumed to be square

Ž .integrable. From 10.31 we have the representation

�

f x s c H x ,Ž . Ž .Ý j j
js0

or equivalently,
�

f x s a h x , 10.60Ž . Ž . Ž .Ý j j
js0

Ž .where h x is the so-called normalized Hermite polynomial of degree j,j
namely,

1 2yx r4h x s e H x , js0, 1, . . . ,Ž . Ž .j j1r2'2	 j!Ž .
� Ž . Ž . � 2Ž . Ž .and a sH f x h x dx, since H h x dxs1 by virtue of 10.30 .j y� j y� j
Ž . Ž .Schwartz 1967 considered an estimate of f x of the form

Ž .q n

f̂ x s a h x ,Ž . Ž .ˆÝn jn j
js0

where
n1

a s h X ,Ž .ˆ Ýjn j kn ks1
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Ž . Ž . Ž .and q n is a suitably chosen integer dependent on n such that q n so n
Ž .as n™�. Under these conditions, Schwartz 1967, Theorem 1 showed that

ˆŽ . Ž .f x is a consistent estimator of f x in the mean integrated squared errorn
sense, that is,

2ˆlim E f x y f x dxs0.Ž . Ž .H n
n™�

ˆŽ . Ž .Under additional conditions on f x , f x is also consistent in the meann
squared error sense, that is,

2ˆlim E f x y f x s0Ž . Ž .n
n™�

uniformly in x.

10.9.2. Applications of Jacobi and Laguerre Polynomials

Ž .Dasgupta 1968 presented an approximation to the distribution function of
1 Ž .Xs rq1 , where r is the sample correlation coefficient, in terms of a beta2

density and Jacobi polynomials. Similar methods were used by Durbin and
Ž .Watson 1951 in deriving an approximation of the distribution of a statistic

used for testing serial correlation in least-squares regression.
Quadratic forms in random variables, which can often be regarded as

having joint multivariate normal distributions, play an important role in
analysis of variance and in estimation of variance components for a random
or a mixed model. Approximation of the distributions of such quadratic forms

Žcan be carried out using Laguerre polynomials see, for example, Gurland,
. Ž .1953, and Johnson and Kotz, 1968 . Tiku 1964a developed Laguerre series

expansions of the distribution functions of the nonnormal variance ratios
used for testing the homogeneity of treatment means in the case of one-way
classification for analysis of variance with nonidentical group-to-group error

Ž .distributions that are not assumed to be normal. Tiku 1964b also used
Laguerre polynomials to obtain an approximation to the first negative mo-

Ž y1 .ment of a Poisson random variable, that is, the value of E X , where X
has the Poisson distribution.

Ž .More recently, Schone and Schmid 2000 made use of Laguerre polyno-¨
mials to develop a series representation of the joint density and the joint
distribution of a quadratic form and a linear form in normal variables. Such a
representation can be used to calculate, for example, the joint density and
the joint distribution function of the sample mean and sample variance. Note
that for autocorrelated variables, the sample mean and sample variance are,
in general, not independent.

10.9.3. Calculation of Hypergeometric Probabilities Using Discrete
Chebyshev Polynomials

The hypergeometric distribution is a discrete distribution, somewhat related
to the binomial distribution. Suppose, for example, we have a lot of M items,
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r of which are defective and My r of which are nondefective. Suppose that
Ž .we choose at random m items without replacement from the lot mFM .

Let X be the number of defectives found. Then, the probability that Xsk
is given by

r My rž / ž /k myk
P Xsk s , 10.61Ž . Ž .

Mž /m

Ž . Ž .where max 0, myMq r FkFmin m, r . A random variable with the proba-
Ž .bility mass function 10.61 is said to have a hypergeometric distribution. We

Ž .denote such a probability function by h k; m, r, M .
Ž . ŽThere are tables for computing the probability value in 10.61 see,for

.example, the tables given by Lieberman and Owen, 1961 . There are also
several algorithms for computing this probability. Recently, Alvo and Cabilio
Ž .2000 proposed to represent the hypergeometric distribution in terms of
discrete Chebyshev polynomials, as was seen in Section 10.8. The following is

� Ž .4ma summary of this work: Consider the sequence t k, m of discreten ns0
wChebyshev polynomials defined over the set of integers ks0, 1, 2, . . . , m see

Ž .xformula 10.42 , which is given by

n k! my i !Ž .n nq iit k , m s y1 ,Ž . Ž .Ýn ž / ž /i i ky i !m!Ž .is0

ns0, 1, . . . , m , ks0, 1, . . . , m. 10.62Ž .

Ž .Let X have the hypergeometric distribution as in 10.61 . Then according to
Ž .Theorem 1 in Alvo and Cabilio 2000 ,

m

t k , m h k ; m , r , M s t r , M 10.63Ž . Ž . Ž . Ž .Ý n n
ks0

w Ž .for all n s 0, 1, . . . , m and r s 0, 1, . . . , M. Let t s t 0, m ,n n
Ž . Ž .x� Ž .t 1, m , . . . , t m, m , ns0, 1, . . . , m, be the base vectors in an mq1 -n n

dimensional Euclidean space determined from the Chebyshev polynomials.
Ž .Let g k be any function defined over the set of integers, ks0, 1, . . . , m.
Ž .Then g k can be expressed as

m

g k s g t k , m , ks0, 1, . . . , m , 10.64Ž . Ž . Ž .Ý n n
ns0

� � 2 w Ž . Ž . Ž .x�where g sg � t r t , and gs g 0 , g 1 , . . . , g m . Now, using the resultn n n
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Ž . Ž .in 10.63 , the expected value of g X is given by

m

E g X s g k h k ; m , r , MŽ . Ž . Ž .Ý
ks0

m m

s g t k , m h k ; m , r , MŽ . Ž .Ý Ý n n
ks0 ns0

m m

s g t k , m h k ; m , r , MŽ . Ž .Ý Ýn n
ns0 ks0

m

s g t r , M . 10.65Ž . Ž .Ý n n
ns0

Ž .This shows that the expected value of g X can be computed from knowl-
edge of the coefficients g and the discrete Chebyshev polynomials up ton
order m, evaluated at r and M.

Ž .In particular, if g x is an indicator function taking the value one at xsk
and the value zero elsewhere, then

E g X sP XskŽ . Ž .

sh k ; m , r , M .Ž .

Ž .Applying the result in 10.65 , we then obtain

m t k , mŽ .n
h k ; m , r , M s t r , M . 10.66Ž . Ž . Ž .Ý n2tns0 n

Ž .Because of the recurrence relation 10.43 for discrete Chebyshev polynomi-
Ž .als, calculating the hypergeometric probability using 10.66 can be done

simply on a computer.
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EXERCISES

In Mathematics

'�10.1. Show that the sequence 1r 2 , cos x, sin x, cos 2 x, sin 2 x, . . . , cos nx,
4 Ž . w xsin nx, . . . is orthonormal with respect to w x s1r	 over y	 , 	 .

� Ž .4�10.2. Let p x be a sequence of Legendre polynomialsn ns0

( )a Use the Rodrigues formula to show that
( ) 1 m Ž .i H x p x dxs0 for ms0, 1, . . . , ny1,y1 n

2 nq1 y1
2n1 n( ) Ž .ii H x p x dxs , ns0, 1, 2, . . .y1 n ž /n2nq1

( ) Ž . 1 Ž . Ž . Ž .b Deduce from a that H p x 	 x dxs0, where 	 xy1 n ny1 ny1
denotes an arbitrary polynomial of degree at most equal to ny1.

( ) Ž . Ž . 1 2Ž . Ž 4c Make use of a and b to show that H p x dxs2r 2nq1 ,y1 n
ns0, 1, . . . .

� Ž .4�10.3. Let T x be a sequence of Chebyshev polynomials of the firstn ns0
wŽ . xkind. Let � scos 2 iy1 	r2n , is1, 2, . . . , n.i

( ) Ž . Ž .a Verify that � , � , . . . , � are zeros of T x , that is, T � s0,1 2 n n n i
is1, 2, . . . , n.

( ) Ž .b Show that � , � , . . . , � are simple zeros of T x .1 2 n n
w �Ž . xHint: show that T � �0 for is1, 2, . . . , n.n i

� Ž .4�10.4. Let H x be a sequence of Hermite polynomials. Show thatn ns0

dH xŽ .n( ) Ž .a snH x ,ny1dx
d2H x dH xŽ . Ž .n n( ) Ž .b yx qnH x s0.n2 dxdx
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� Ž .4� � Ž .4�10.5. Let T x and U x be sequences of Chebyshev polynomialsn ns0 n ns0
of the first and second kinds, respectively,
( ) 	 Ž . 	a Show that U x Fnq1 for y1FxF1.n

w Ž .Hint: Use the representation 10.18 and mathematical induction
xon n.

( ) 	 Ž . 	 2b Show that dT x rdx Fn for all y1FxF1, with equalityn
Ž .holding only if xs�1 nG2 .

( )c Show that

x T t U xŽ . Ž .n ny1 2'dtsy 1yxH 2' ny1 1y t

for y1FxF1 and n�0.

Ž .10.6. Show that the Laguerre polynomial L x of degree n satisfies then
differential equation

d2L x dL xŽ . Ž .n n
x q �q1yx qnL x s0.Ž . Ž .n2 dxdx

10.7. Consider the function

1
yx trŽ1yt .H x , t s e , ��y1.Ž . �q11y tŽ .

Ž . nExpand H x, t as a power series in t and let the coefficient of t be
Ž .n Ž .denoted by y1 g x rn! so thatn

n� y1Ž .
nH x , t s g x t .Ž . Ž .Ý nn!ns0

Ž . Ž . Ž .Show that g x is identical to L x for all n, where L x is then n n
Laguerre polynomial of degree n.

Ž .10.8. Find the least-squares polynomial approximation of the function f x
x w xse over the interval y1, 1 by using a Legendre polynomial of

degree not exceeding 4.

Ž .10.9. A function f x defined on y1FxF1 can be represented using an
infinite series of Chebyshev polynomials of the first kind, namely,

�c0
f x s q c T x ,Ž . Ž .Ý n n2 ns1
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where

2 f x T xŽ . Ž .1 n
c s dx , ns0, 1, . . . .Hn 2'	 y1 1yx

Ž .This series converges uniformly whenever f x is continuous and of
w x Ž . xbounded variation on y1, 1 . Approximate the function f x se

using the first five terms of the above series.

In Statistics

10.10. Suppose that from a certain distribution with a mean equal to zero we
have knowledge of the following central moments: � s1.0, � s2 3
y0.91, � s4.86, � sy12.57, � s53.22. Obtain an approximation4 5 6
for the density function of the distribution using Gram�Charlier series
of type A.

10.11. The Cornish�Fisher expansion for x , the upper �-quantile of a�

certain distribution, standardized so that its mean and variance are
Žequal to zero and one, respectively, is of the following form see

.Johnson and Kotz, 1970, page 34 :

1 12 3x sz q z y1 � q z y3 z �Ž . Ž .� � � 3 � � 46 24

1 13 2 4 2y 2 z y5z � q z y6 z q3 �Ž . Ž .� � 3 � � 536 120

1 14 2 4 2 3y z y5z q2 � � q 12 z y53 z q17 �Ž . Ž .� � 3 4 � � 324 324

1 5 3q z y10 z q15z �Ž .� � � 6720

1 5 3y 2 z y17z q21 z � �Ž .� � � 3 5180

1 5 3 2y 3 z y24 z q29 z �Ž .� � � 4384

1 5 3 2q 14 z y103 z q107z � �Ž .� � � 3 4288

1 5 3 4y 252 z y1688 z q1511 z � q ��� ,Ž .� � � 37776

where z is the upper �-quantile of the standard normal distribution,�

Ž .and � is the the r th cumulant of the distribution rs3, 4, . . . . Applyr
this expansion to finding the upper 0.05-quantile of the central chi-
squared distribution with ns5 degrees of freedom.
wNote: The mean and variance of a central chi-squared distribution
with n degrees of freedom are n and 2n, respectively. Its r th cumu-
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lant, denoted by � � , isr

� �sn ry1 ! 2 ry1 , rs1, 2, . . . .Ž .r

Hence, the r th cumulant, � , of the standardized chi-squared distribu-r
Ž .yrr2 � Ž . xtion is � s 2n � rs2, 3, . . . .r r

10.12. The normal integral H x eyt 2 r2 dt can be calculated from the series0

x 3 5 7x x x2yt r2e dtsxy q y q ��� .H 2 32 �3 �1! 2 �5 �2! 2 �7 �3!0

( ) 1 yt 2 r2a Use this series to obtain an approximate value for H e dt.0

( ) Ž . Ž .b Redo part a using the series given by formula 10.59 , that is,

�x � xr2Ž .2 2 2 nyt r2 yx r8e dtsxe .ÝH 2nq10 ns0

( ) Ž . Ž .c Compare the results from a and b with regard to the number of
terms in each series needed to achieve an answer correct to five
decimal places.

Ž .10.13. Show that the expansion given by formula 10.46 is equivalent to
Ž .representing the density function g x as a series of the form

� nc d � xŽ .n
g x s ,Ž . Ý nn! dxns0

Ž .where � x is the standard normal density function, and the c ’s aren
constant coefficients .

10.14. Consider the random variable

n
2Ws X ,Ý i

is1

where X , X , . . . , X are independent random variables from a distri-1 2 n
bution with the density function

� d3� x � d4� x �2 d6� xŽ . Ž . Ž .3 4 3
f x s� x y q q ,Ž . Ž . 3 4 66 24 72dx dx dx
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Ž .where � x is the standard normal density function and the quantities
� and � are, respectively, the standard measures of skewness and3 4
kurtosis for the distribution. Obtain the moment generating function
of W, and compare it with the moment generating function of a

Žchi-squared distribution with n degrees of freedom. See Example
.6.9.8 in Section 6.9.3.

w xHint: Use Hermite polynomials.

10.15. A lot of Ms10 articles contains rs3 defectives and 7 good articles.
Suppose that a sample of ms4 articles is drawn from the lot without
replacement. Let X denote the number of defective articles in the

Ž . 3 Ž .sample. Find the expected value of g X sX using formula 10.65 .


